
VOL. 5, NO. 4, OCT.-DEC. 1991 J. THERMOPHYSICS 469

Rate Parameters for Coupled Rotation-Vibration-Dissociation
Phenomena in H2

Surendra P. Sharma* and David W. Schwenket
NASA Ames Research Center, Moffett Field, California 94035

A theoretical study of the effects of molecular rotation on coupled vibration-dissociation phenomena for H2,
undergoing a nonequilibrium relaxation in a heating and cooling environment, is reported. The rate coefficients
for the collisional bound-bound and bound-free transitions have been calculated using a quasi-classical trajectory
method. These state-to-state transition rates were fed into the master equation, which was numerically solved
to determine the rotational and vibrational population densities as well as the bulk thermodynamic properties.
Our results show that a) the vibrational transition rates of H2 increase monotonically with the vibrational levels,
faster than the Landau-Teller model, b) the rotation of the molecules helps relax the low vibrational levels,
serves as a temporary storage of vibrational energy during the relaxation, and thereby delays the dissociation
process, c) the dissociation and recombination rates can be approximated within an order of magnitude using
equilibrium formulations and Park's two-temperature model for temperature averaging, d) lower vibrational
levels tend to over-relax, and e) the average energy loss due to the dissociation is about 80-90% of the dissociation
energy.
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Nomenclature
dissociation energy
energy of the vibrational level v
measured with from the v = 0 level
average vibrational energy per molecule,
cm-1

rotational energy, cm"1

Planck's constant
forward (dissociation) reaction rate
coefficient, in cm3 s"1

reverse (recombination) reaction rate
coefficient, cm6 s"1

transition rate coefficient for v — > c
(continuum) transition, cm3 s"1

transition rate coefficient for v, / — » c
(continuum) transition, cm3 s"1

transition rate coefficient for v, / -» v',
/' transition, in cm3 s"1

transition rate coefficient for v — » v'
transition, cm3 s-1

Boltzmann constant
second moment of vibrational transition
rate, see Eq. (26)
reduced mass of colliding molecules
number density
temperature exponent in rate coefficient
pressure in atmosphere
translational partition function for atoms
A and B, respectively
partition function for rotational level /
partition function for vibrational level v
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Subscripts
A
B
E
i
J
v
x

translational temperature
geometrical mean temperature
characteristic temperature of dissociation
vibrational temperature
definition of vibrational temperature in a
nonequilibrium flow based on the
populations of vibrational levels v and 0
time, seconds
interaction potential between two
colliding molecules
vibrational quantum number
change in v
average vibrational energy removed
from the molecule per each dissociation
event
characteristic vibrational temperature =
{£(1) - E(G)}/k = 6320.0 K
reduced mass of colliding particles in
atomic mass units
normalized population density of atoms
A and B, respectively
normalized population density at
vibrational level v
normalized population density at
rotational level J of the vibrational
level v
relaxation time deduced from the
Landau-Teller equation

atoms A
atoms B
equilibrium
initial condition
rotational level /
vibrational level v
molecule

Introduction

I N A recent publication,1 we reported a theoretical study
of vibrational excitation and dissociation of nitrogen mol-

ecules undergoing a nonequilibrium relaxation process upon
heating and cooling. Using an extension of the theory origi-
nally proposed by Schwarz, Slawsky, and Herzfeld (SSH),2
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bound-bound and bound-free transition probabilities were
computed in that work. Based on these transition probabilities
the master equation was numerically integrated to determine
the population distributions of all the 57 vibrational states as
well as the bulk thermodynamic properties. Rate coefficients
for collisionally induced vibrational transitions and transitions
from a bound state into a dissociative state were calculated.
The most striking feature in those calculations was a deep
minimum in the vibrational transition rates. This minimum
was found to create a bottle neck in the transfer of vibrational
energies between the lower vibrational states and the upper
states, leading to a bi-modal distribution of the vibrational
states. The vibrational distribution was severely distorted from
the Boltzmann distribution in both heating and cooling cases.
This was contrary to the Coupled-Vibration-Dissociation
(CVD)3 and Coupled-Vibration-Dissociation-Vibration
(CVDV)4 models previously put forward.

One main limitation of this work is in the neglect of rota-
tional motion. Rotation can change vibrational transition rates
in two different ways. First, it changes the shape of the vi-
bration potential. In the high temperature range, the majority
of the molecules are at a high-rotational quantum number.
When the rotational motion is excited to this extent, the ef-
fective interactive potential is shifted upward, reducing the
effective dissociation energy and producing a rotational bar-
rier. The bound-bound and bound-free transition rates will
be affected, at least, quantitatively, though their general be-
havior may remain the same. The second rotational effect
involves rotational energy transfer. Here the rotational mode
acts both as an energy reservoir and dump. It was our belief
that the neglect of rotational energy transfer1 would not cause
significant changes in the resonant vibration-to-vibration
(V-V) transitions but the effect on nonresonant (V-V) and
vibration-to-translation (V-T) transitions will be stronger. Since
the resonant V-V transitions dominate the overall transition
rates and are the source of the observed bottleneck, we ex-
pected the neglect of rotational energy transfer would not
affect the qualitative nature of the reported results.

In order to verify our assumptions, it became necessary to
explore the effects of rotation on the coupled vibration-dis-
sociation rates. In the present paper we will do that, i.e.,
extend our previous analysis to include finite rotational ex-
citation of the molecules. Since N2 has thousands of rotational
states and the computations of the state-to-state transition
rates were going to be a very difficult task, even with modern
computation facilities, we concentrated our efforts, for the
study of rotational effects on the coupled vibration-dissocia-
tion rate constant, on the H2 molecule. The H2 molecule is
the simplest molecule to compute. Furthermore at NASA
Ames Research Center, we already have computed the state-
to-state transition rates for the H2 molecule using a quasi-
classical trajectory method.5 Under these conditions, the H2
molecule was a natural choice for this extension of our study
of nonequilibrium hypersonic flows.

There is another very important motivation for the selection
of H2 as the molecule for this investigation. In recent years
there has been a surge of interest in supersonic combustion
ramjet (SCRAM-jet) engines for use in hypersonic civilian
and military air transport systems. H2 has been proposed as
the fuel for the SCRAM-jet engines. Dissociation behavior
of H2 may affect the performance of such engines.

In the present paper we will explore the following points:
1) How are the vibrational and rotational states populated

and what are the corresponding characteristic vibrational tem-
peratures during the relaxation period?

2) What are the relaxation rates for the characteristic vi-
brational temperatures? Which model is the most accurate?

3) How are the dissociation and the recombination rates
related to the characteristic vibrational temperatures? Which
model is the most accurate?

4) What is the value of the average vibrational energy re-
moved during dissociation? and

5) How does the inclusion of the rotational degree of free-
dom in the computation change the parameters mentioned
above?

To focus the study on the effect of the resonant V-V energy
transfers, we assume that the colliding particle is always a
molecule.

The relaxation phenomena have been studied theoretically
for two typical cases. The first is a heating case wherein the
gas, initially in equilibrium at T0, is heated suddenly to TK.
In the second case, the gas is cooled from the initial temper-
ature of ro to TK. A constant-volume, isothermal condition
was assumed during the relaxation process. The rate equations
for the change of the rotational state and the vibrational state
populations, that is, the master equations, are integrated in
time for these two cases with the use of the computed tran-
sition rate coefficients. In addition to the rotational model, a
rotationless1 model is also constructed and the computations
are repeated using this rotationless model.

The state-to-state transition rates are computed by a quasi-
classical trajectory method. The calculation yields a complete
set of transition rate coefficients among all combinations of
initial and the final rotational and vibrational, and/or free
states. The integration of the master equations yield the pop-
ulation distribution of all rotational and vibrational states as
a function of time as well as the number densities of the atoms
and molecules. From these rotational and vibrational distri-
butions, the vibrational temperature, the forward (dissocia-
tion) and reverse (recombination) rate coefficients, the av-
erage vibrational energy ev, average rotational energy eR, the
average combined vibrational-rotational energy evR, and the
average transferred energy e are calculated. The dissociation
rate coefficients are also calculated using Park's model, and
comparison is made between these values and the results from
the time integration. For illustration purposes the vibrational
population from both the rotational as well as rotationless
model are expressed as vibrational temperatures computed
with respect to the ground state population, and are compared
with the Landau-Teller prediction. The Landau-Teller model,6
expressed in terms of the average vibrational energy per mol-
ecule, ev(Tv), is given by

(1)
dev(Tv) = evE(T) - ev(Tv)

dt TL

where TL in seconds is given by7

TL = lip exp[A(7-1/3 - 0.015/*1'4) - 18.42]

T is the translational temperature, ju, is the reduced mass of
the two colliding particles in atomic mass units, andp is the
pressure in atmosphere. The quantity A is given by

A = 1.16 x 10 -

and 0 is the characteristic vibrational temperature

8 = - E(0)]/k

Here £"(0) and £(1) are the energies of the ground and first
excited vibrational levels (relative to the minimum in the vi-
brational potential), and k is the Boltzmann constant.

The transition rate coefficients calculated in the present
work show that the transitions are very fast among the high
vibrational states and between the high vibrational states and
the free state. This drives the population distribution into a
distinct dual-mode in which the lower and the higher states
reach separate quasi-equilibrium distributions. Although there
is no apparent minimum in the transition rates as was seen
in Ref . 1 , a decoupling of the relaxation of the upper states
and lower states is seen. Park's two-temperature model8 is
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seen to agree with the detailed calculation to within an order
of magnitude with

The average vibrational energy transferred in dissociation e
is found to be 80-90% of Z)0, much larger than predicted by
the CVDV4 and the preferential removal theories9 and in
contrast to previous finding for N2.

Computation of Transition Rate Coefficients
The state-to-state rate coefficients for this study have been

determined using the quasi-classical trajectory method. This
requires as input a potential energy function which describes
the interaction of the two hydrogen molecules. For the present
work, the potential of Ref. 5 is used. This potential is a mul-
tiparameter analytic representation of the results of extensive
ab initio electronic structure calculations, and is expected to
faithfully reflect the properties of the accurate potential.

All quantum states of H2 are assigned using the WKB
method10; this yields 348 bound and quasibound v, / levels
(Table 1). For each of the 348 levels, 2000 trajectories were
integrated using the variable step-size algorithm of Ref. 5.
Approximately one tenth of the trajectories were back inte-
grated to monitor the suitability of the numerical parameters
controlling the accuracy of the solutions. Most of the trajec-
tories were evaluated using the NAS facility Y-MP, and 2000
trajectories required from 15 min (T = 10,000 K) to 45 min
(T = 1000 K) of CPU time.

The initial conditions for the trajectories were selected as
in Ref. 5 with the exception that one maximum impact pa-
rameter was used (12, 10, 10, and SaQ [laQ = 5.291771 x
10~9 cm] for 1000 K, 2000 K, 5000 K, and 10,000 K, respec-
tively), and the initial states were fixed. The initial state for
the target was one of the 348 levels, and the initial state for
the projectile was taken as the most likely state from a thermal
distribution consisting only of molecules having / even (odd)
if the target / was odd (even).

The final states of the target were assigned using the his-
togram method10 while the final states of the projectile were
summed over. This yields rates for all processes of the form

H 2 (v , / ) M

and

H2 (v, J) + M -> H + H + M

(3)

(4)

scopic reversibility. Finally, to ensure that the proper equi-
librium is reached, all bound-bound state-to-state rate coef-
ficients for endoergic transitions are replaced with the values
calculated using microscopic reversibility from the reverse
transitions.

Formulations of Rate Equations

Temporal Variation in Vibrational State Populations
We will designate the H2 molecule with the suffix x and the

two atoms resulting from its dissociation by the suffices A and
B, even though they are identical. We consider that the mix-
ture containing the species x, A, and B, is confined in a box
of unit volume. At times prior to t = 0, equilibrium existed
at a specified temperature T0. At time t = 0, the gas is sud-
denly heated or cooled by an unspecified means so that the
translational temperature acquires a new value T. The box
is, henceforth, maintained at an isothermal condition. Due
to the suddenly changed T, collisional processes occur to vi-
brationally excite or de-excite to relax to a condition appro-
priate to 7. Some of the collisions lead to a free-bound (dis-
sociation or recombination) transition v, / ^± A + B. The
state A + B will be designated by c (continuum). There are
a total of 15 vibrational states starting from v = 0 to v = 14,
and a total of 348 rotational states with 39 rotational states
at v = 0 and 5 rotational states at v = 14. It is further assumed
that the ionization level is small and the bound-bound colli-
sional transitions occur only when both colliding partners are
molecules. In this manner, we can focus our study to the effect
of the resonance transitions in V-V energy transfer, a dom-
inant process in the typical flow regime around a hypersonic
vehicle.

The number density of those molecules in the rotational
state/ of the vibrational state v, or population, Nv 7, is affected
by the incoming and outgoing rates. An incoming rate is the
rate of an individual transition from an initial rotational state
/' of the vibrational state v' or a free state c via collisions
with the colliding particle x. When the initial state is a bound
rotational state, the rate is given by K(v' , /'; v, J)Nv^rNx,
where K(v' , /'; v, /) is the rate coefficient for the transition
(v', /') -» (v, /) given in the units of cn^s"1. When the initial
state is the free state, its rate is given by K(c\ v, J)NANBNX.
An outgoing rate is its reverse, K(v, /; v', J')NvJNx or K(v,
/; c)NVJNx. The time rate of change of Nvj is the difference
between the sum of all incoming rates and the sum of all
outgoing rates

This determines all state-to-state rate coefficients except the
ones for free-to-bound transitions. These are generated from
the bound-to-free transition rate coefficients by using micro- K(c; v, J)NANBNX

Table 1 Characterization of the vibrational levels of H2

v
0
1
2
3
4
5
6
7
8
9

10
11
12
13
14

E*(v), cm-1

0.0
4162.0
8088.5

11784.4
15252.9
18495.0
21509.3
24291.9
26835.3
29128.4
31154.5
32890.6
34304.5
35351.5
35969.8

/max

39
36
34
32
30
28
26
24
22
19
17
15
12
9
5

* Energies are with respect to the v = 0 state, which is at 2344.6 cm"1 above
the minimum of the potential curve.

- K(v, J; c)NVJNx. (5)

We introduce Af(v,/)E, the equilibrium population of the
state v, / for a given total molecule density Nx

, (6)

Qx = I,vQv(2jQj) is the vibrational-rotational partition func-
tion of the molecule, Qv is the vibrational partition function
of the state v and Q} the rotational partition function of the
state /

Qv = Qxp{-E(v)/kT}

Qj = gj(2J + l)exp{-F(J)/kT} (7)
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k is the Boltzmann constant, and

I 1, / even
13, / odd (8)

E(v) and F(J) are the vibrational and rotational energies
measured with respect to the ground state, respectively. We
further define the normalized populations pv and pvj by

Pv =
Nv (9)

For the free state, we define the normalized density pA and

PA = PB =
NB (10)

The equilibrium number densities, NAE and NBE are given by

NAENBE QAtQBt^ / Dn

Here, Q denotes a partition function as before, and the sub-
script t refers to the translational mode. We invoke the prin-
ciple of detailed balancing between a forward and its back-
ward rates under equilibrium, which leads to

K(v, J; v', /')AW = K(v', J ' ; v, J)N(v,j.)E
for the bound-bound transitions, and

(11)

K(v, J; = K(c; v, J)NAENBE (12)

for the bound-free transitions. By dividing Eq. (5) by N(VtJ
and using Eqs. (9) to (12), the master equation becomes

- = 2 E K(v,J; v' , /

K(v, J; c)(pApB - pvj) (13)

The rate of change of the density of the atoms A and B and
of the molecular density can be expressed as

-22 K(c\ v, J)NANBNX
V J

Using the detailed balancing relationship Eqs. (11) and (12),
and after some manipulation, we can rewrite the equation in
the form

dt = 2 K(v,

(14)

The 348 equations from Eq. (13) and Eq. (14) must be in-
tegrated numerically to obtain pvj and pApB as function of
time. Solving 349 stiff equations simultaneously can be very
time consuming, therefore, only 94 of these are selected and
simultaneously solved. A stiff equation solver based on Bow-
en's work11 is used for this purpose. After a few time steps
the population densities for all the 348 bound and the free
states are updated by interpolation. A typical solution re-
quires about 5.5 h on Cray X-MP computer.

Characteristic Vibrational Temperatures
In a nonequilibrium flow, there is no unique vibrational

temperature. However, one can define a vibrational temper-
ature arbitrarily for a specific purpose. For illustration pur-
poses the population density of the vibration level v may be
expressed a^s vibrational temperatures Tv(v)

P(v)
N(0) NE(Q) p(0)

= exp -
J

Another vibrational temperature can also be defined which
characterizes the average energy contained in the vibrational
mode. Using the conventional harmonic oscillator expression,
Tve is defined from the average vibrational energy ev as

kO (15)

where 0 is the characteristic vibrational temperature. 6 =
{£(1) - E(0)}/k = 6320 K. The energy ev is determined in
turn from the computed pv by

=

This temperature is useful in displaying the amount of energy
contained in the vibrational mode. The average rotational
energy and the average combined vibrational-rotational ener-
gies are defined in the .same manner.

Reaction Rate Coefficients
For relaxing gases it is customary to express the rate of

change of number density in terms of bulk-rate coefficients
Kf for the forward (dissociation) and Kr for the reverse (re-
combination) processes

BNA,B _

dt
(16)

When the gas is in a highly nonequilibrium condition, one of
the two terms of Eq. (16) is dominant over the other. In such
a case, Kf or Kr can be determined approximately from

dt

or

Kr
I

(NANBNX)

(17)

(18)

In general, Kf is a function of time because pvj varies with
time. If the pvj distribution is uniquely determined by T and
rvl, then Kf can be expressed as functions of T and Tvl only.
Such condition can exist if the high vibrational states are
populated according to the quasi-steady-state (QSS) condi-
tion, that is, the left-hand-side of Eq. (13) is negligibly smaller
in comparison with either of the two rates affecting pv J7 namely,
the sum of all incoming rates or the sum of all outgoing rates.
Suppose that the QSS condition exists for the states above v
= vs and / = Js. Then, for these states, the master equation
can be written as

',/>„,,,,

~ 2 2 K(v,J; v',J')PvJ - K(v,J;c)pVJ
0 0

= -K(v, J; c)pApB - 2 t K(v, J; V, /')Pv.y (19)
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If the states below vs, Js are populated according to the
Boltzmann distribution at a vibrational and a rotational tem-
perature rvl and Trl, then the second term on the right-hand-
side becomes a function only of 7, Trl and Tvl. In that case,
the solution to the algebraic Eq. (19) can be written as

_ h /rp\ . p (T T T \ C20}

where ph is the homogeneous solution of Eq. (19) and p? a
particular solution.

Using the detailed balance relationship of Eqs. (11) and
(12) the overall reaction rate can now be written and com-
pared with Eq. (16), one finds

where M, the second moment of vibrational transition, is
defined as

Kr = a^( i -

(21)

(22)

Equations (21) and (22) are valid even when the flow is close
to or at equilibrium. These equations are used in the present
work whenever appropriate.

Average Vibrational Energy Loss Due to Dissociation
When a gas molecule with the vibrational energy E(v) dis-

sociates by collision with another particle, the vibrational en-
ergy content of the gas is reduced by an amount equal to
E(v). As pointed out by Marrone and Treanor,9 dissociation
occurs preferentially from the upper vibrational states. Thus,
even a single dissociation depletes the vibrational energy by
an amount nearly equal to the dissociation energy of the mol-
ecule. The rate of energy loss by a transition from the rota-
tional level / of the vibrational level v is K(v, J\ c)E(v)NVJNx.
Conversely, the reverse process of recombination into the
rotational level / of the vibrational level v adds a vibrational
energy equaling K(c\ v, J)E(v)NANBNx. The average vibra-
tional energy loss e can be defined by

- e ̂  = I I E(v)K(v, J; c)NvJNxdt v j

- Il-IlE(v)K(c;v,J)NANBNx

= NXNXE ^ E E(v)K(v, /; c) (PVJ _
v j Qx (23)

In terms of pv , the average vibrational energy loss rate is

v, J; c) (pvj - pApB)

—————————
yK(v, 7; c) (pvj - pApB)

(24)

Diffusion Approximation
In the high temperature regime where the kinetic energy

kT is larger than the vibrational energy gap, collisional ex-
citation and de-excitation of the vibrational states occur al-
most in accordance with the classical mechanics. According
to the classical concept, the vibrational levels are considered
to be continuously distributed. Keck and Carrier12 have shown
that under these assumptions this equation can be converted
into a diffusion equation of the form

dp(v) K(v\ c){pApB - p(v)}

K(v; v (26)

A complete derivation of the diffusion formulation is given
in Ref. 1. In the present calculation the diffusion equation is
not solved but the second moment of the vibrational transi-
tions M(v) is used for comparative and illustrative purposes.

Results

Behavior of Transition Rate Coefficients
The calculated values of the bound-bound transition rate

coefficient K(v, J? v / '> J ' ) cannot be shown in a single figure
because there are 348 x 348 = 121,104 such values. However,
there are only 15 values each for the second-moment of tran-
sition rate coefficient, M(v), and the bound-free transition
rate coefficient, K(v\ c). M(v) values are computed using Eq.
(26), and K(v\ v') are obtained by summing up the rates over
the rotational states for each vibrational state. The rotational
states are assumed to be populated according to the Boltz-
mann distribution at the equilibrium temperature. K(v\ c)
rates are also obtained in a similar manner. M(v) and K(v\
c) are shown in Fig. 1 for the case where T = 3000 K. The
rotational states of the colliding particles are assumed to be
in a Boltzmann distribution at this temperature. Since Af(v)
is a sum of the rates from all the states, it is a better indicator
of the overall rate of transition. The M(v) values for the
Landau-Teller model are also shown in the figure for com-
parison.

As seen from the plot, the transition moment M(v) based
on the Landau-Teller model increases monotonically with the
vibrational levels. This is due to the fact that K(v\ v + 1) is
proportional to v + 1 in the Landau-Teller model. The tran-
sition moments M(v) based on the trajectory calculations in-
crease with the vibrational level at a much faster rate than
the Landau-Teller values. This monotonical increase in M(v)
over Landau-Teller values can be primarily attributed to the
rotational effects. At high temperatures even the lower vi-
brational levels are populated by molecules with high rota-
tional quanta. Thus, the average transition rate from a given

-1

(25)

Vibrational Energy Level E(v), cm

Fig. 1 The second moment of vibrational transition rate coefficients
A/(v) and the bound-free transition rate coefficient A(v; c), compared
with M(v) for the Landau-Teller model; T = 3000 K. The colliding
particles are assumed to be in the rotational states most probable for
T = 3000 K.
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vibrational level tends to be higher than that of a rotationless
molecule. Most notable point here is that there is no apparent
bottleneck (minimum) in the M(v) function as was found in
the rotationless model1 for N2. This bottleneck in the case of
nitrogen caused higher vibrational levels to equilibrate among
themselves and with the free state and the lower levels with
the ground state, but with a weak coupling between the two
groups. In the present case with a monotonically increasing
M(v), one would expect the coupling between the vibrational
states becoming stronger and stronger as we move towards
the free state, being strongest near the free state. In other
words from midlevels down to the ground state the interstate

K̂

D cx!0~°
O N a /N,xlO- l_
A evxlO 3 cm *
X e R x lO~ 0 4 cm_
H ev RxlO~4 cm

10 10 10 10 10
Time t, sec

10" 10"

Fig. 2a Temporal variations of the bulk thermodynamic properties
in a heating environment (r0 = 2000 K -> T = 3000 K): the ratio of
atoms to molecule densities NA/NX, average vibrational energy per
molecule ev9 average rotational energy per molecule eR9 average vi-
brational-rotational energy per molecule evR, and average vibrational-
rotational energy removed in a dissociation (rotational model).

0.6

cxlO~ 5

N a /NxxlO-1

evxlO~3 cm'1

10" 10" 10"6 10"5

Time t, sec
10" 10"

Fig. 2b Temporal variations of the bulk thermodynamic properties
in a heating environment (ro = 2000 K -» T = 3000 K): the ratio of
atoms to molecule densities NA/NX9 average vibrational energy per
molecule ev9 average rotational energy per molecule eR9 average vi-
brational-rotational energy per molecule evR9 and average vibrational-
rotational energy removed in a dissociation e (rotationless model).

coupling grows weaker and weaker. The peak bound-free
transition rate coefficient K(v; c) is ~10"9 cm3/s for v = 14
(E(v) = 35,970 cm"!). These rates decrease very rapidly with
decreasing vibration quanta, suggesting that overall forward
reaction rate is going to be slower. However, as seen by the
tail-end of the plots of K(Q, J\ c) and K(14, /; c), the con-
tribution to dissociation is going to be from all vibrational
levels.

Relaxation Behavior in Heating Environment
The normalized population densities pv j for all the 348

rotational states and pv for all the vibrational states were
computed for heating and cooling environments by integrating
the master equation, Eq. (13) and the accompanying equation
for pApB, Eq. (14), in time. For illustrative purposes, solutions
for a rotationless model were also obtained by solving another
set of equations, similar to Eqs. (13) and (14) (see Ref. 1).
For the heating case, it was assumed that the gas mixture was
in equilibrium at T = 2000 K, then at t = 0.0 s, the gas
mixture is heated to T = 3000 K. Vibrational excitations and
dissociations are allowed to occur at a constant volume, iso-
thermal condition thereafter. The initial number densities
for the molecules and atoms were 1017 and 106 cm~3, respec-
tively. The calculated values of the normalized number den-
sity, NAINX, the average dissociation energy loss, £, the av-
erage vibrational energy, ev, the average rotational energy,
eR, and average vibrational-rotational energy, evR, are plotted
Fig. 2a as functions of time. As seen from the figure, the
average energy loss due to dissociation starts from 29,918
cm"1 at t = 0.0 s and levels off to a value of 28,567 cm-1.
The final value being about 79% of the dissociation energy.
Although these values are considerably larger than the D0/2
predicted by CVDV4 theory and certainly smaller than the
preferential removal theory,9 this result is not surprising. Blais
and Truhlar13 have reported similarity high energy of acti-
vation for collisions leading to complete dissociation, while
studying the effects of rotational energy on dissociation. In
other words, it appears that such a high energy loss due to
dissociation is primarily due to rotational effects. The average
vibrational energy initially decreases with time, then rises
quickly around t = 10 "4 s to a value approaching 650 cm'1.
The average rotational and the combined rotational-vibra-
tional energies increase with time, and after t = 10"4 s both
achieve constant values, i.e., eR — 2320 cm"1 and evR = 2970
cm"1. At this time the atomic number density starts to slowly
rise. The bulk properties computed by the rotationless model
are shown in Fig. 2b. In this case one finds that the average
vibrational energy removed in dissociation increases with time
to achieve a constant value of 23,794 cm~ \ about 66% of the
dissociation energy at t > 10~4. The average vibrational en-
ergy increases to a final value of 675 cm"1, almost equal to
ev for the rotational model.

The normalized vibrational population densities as a func-
tion of the vibrational levels at selected times from the ro-
tational model are shown in Fig. 3a. As the time passes, the
populations at mid-levels, moving towards the equilibrium
value, becomes independent of v. This behavior indicates that
the mid-vibrational levels equilibrate among themselves. The
higher levels lag slightly behind and are not in equilibrium
with each other. The lower vibrational levels, however, over
relax, falling below the equilibrium value. To examine this
peculiar behavior of the lower levels, the rotational popula-
tions for v = 0 and 14 are plotted in Fig. 3b. As seen from
the Fig. 3b the rotational levels below / = 8 quickly relax
towards their equilibrium value. The rotational levels in the
range / = 12-31 also tend to approach the equilibrium but
at different speed. The levels above / = 31 show a strong
nonequilibrium effect with 7 = 38 moving very slowly towards
the equilibrium. The rotational levels of v = 14 relax at a
fast rate. The normalized populations from the rotationless
model are plotted in Fig. 3c. In this model the lower levels
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Vibrational Level, v

Fig. 3a Normalized vibrational population density as a function of
the vibrational level, v, at selected times, in a heating environment,
r0 = 2000 K -> T = 3000 K (rotational model).
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Fig. 3b Normalized rotational population pvj for v = 0 and 14 as a
function of the vibrational levels, v, at selected times, in a heating
environment, T0 = 2000 K -> T = 3000 K (rotational model).

relax relatively quickly towards the equilibrium value with the
higher vibrational levels slightly lagging behind.

For illustrative purposes, the vibrational population is ex-
pressed as the vibrational temperature, with respect to the
population at v = 0. These vibrational temperatures as a
function of time for the rotational and rotationless models are
shown in Figs. 4a and 4b, respectively. In these figures the
vibrational temperatures Tv(l), Tv(8), and TV(14) are com-
pared with the Landau-Teller prediction. As seen from Fig.
4a, the Landau-Teller theory predicts that the relaxation is
almost over at t = 6 x 10 ~5 s. However, all four temperatures
from the calculated solution converge only after t = 2 x 10 ~4

s near the equilibrium temperature. Interestingly, the vibra-
tional temperature based on the average vibrational energy
and based on v = 1 fall below the initial temperature, then
quickly catch up with other vibrational temperatures after t
> 4 x 10~5 s. In other words, the midlevels approach the
equilibrium temperature at a steady pace with the higher vi-
brational levels slightly lagging behind. However, the Vibra-

10.0

Vibrational Level, v
Fig. 3c Normalized vibrational population pr as a function of the
vibrational level, v, at selected times, in a heating environment, T(} =
2000 K -> T = 3000 K (rotationless model).

tional temperature based on the lower levels as well as on the
average vibrational energy, become, initially, depressed be-
low the initial value, then quickly rise to approach their equi-
librium values. In the rotationless model (Fig. 4b), all the
temperatures except that based on v = 14 follow the Landau-
Teller prediction.

Finally the computed dissociation rates Kf as a function of
time are plotted in Fig. 5a. For comparison best estimates
from the empirical relationship given by Cohen and Westberg13

Kf = 1.43 10~6 r-°7exp(-52530/7;) (27)

are also plotted in this figure. The temperature Ta is calculated
by using the Park model Ta = V(7TV). Three Tvs are se-
lected, based on v = 1,8, and 14 in relation to the population
at v = 0. The calculated dissociation rates computed up to t
~ 10~6 are for a highly nonequilibrium regime. It is not pos-
sible to compare them with the data based on experimental
measurements, since the measurements can not resolve the
times shorter than 10~6 s. For t > 10~6, the estimates from
the empirical data are within one order of magnitude in re-
lation to the exact rates, except the one based on v = 1. If
one puts a smaller weight on the equilibrium temperature T
in the Park model, such as Ta = T7TV

3, better agreement
between the exact solution and the experimental data may be
found. Similar comparison for the dissociation rates, based
on the rotationless model, are made in Fig. 5b. The dissocia-
tion rates predicted by the rotationless model seems to differ
by several orders of magnitude, except near equilibrium.

There are two major observations that can be made by
comparing the rotational and rotationless models: 1) overall
dissociation rates predicted by the rotationless model are at
least one order of magnitude higher than predicted by the
rotational model and 2) overall agreement between the cal-
culated rates and those based on empirical13 relationship is
much better in the rotational model.

Relaxation Behavior in Cooling Environment
In the cooling case, the gas is assumed to be in equilibrium

in the beginning at T = 2000 K with the molecular and atomic
number densities of 1017 and 2.25 x 1015 cm~3, respectively.
At t = 0 s, the gas mixture is cooled to 1000 K by an un-
specified method, and is held at a constant volume, isothermal
conditions thereafter. The process is very similar to that oc-
curring in an expanding nozzle. The bulk thermodynamic
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D Based on v=l
O Based on v=8
A Based on v=14-
X Based on vibrational energy

_ _ Landau-Teller

10" 10" 10"
Time t, sec

Fig. 4a Variation of the vibrational temperature based on v = 2, 8,
and 14, and vibrational energy content, compared with the Landau-
Teller prediction, in a heating environment, T0 = 2000 K -> T =
3000 K (rotational model).
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X Based on vibrational energy
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Fig. 4b Variation of the vibrational temperature based on v = 2, 8,
and 14, and vibrational energy content, compared with the Landau-
Teller prediction, in a heating environment, T0 = 2000 K -» T =
3000 K (rotationless model).

properties, NA/NX, e, ev, eR, and evR are plotted as functions
of time in Fig. 6a. The average vibrational energy gain due
to recombination starts from a value of 33,894 cm"1 at t =
0 s, slowly decreases with relaxation, and achieves a value of
32,470 cm- l at t = 2.4 x 10~4 s, about 90% of the dissociation
energy. The average vibrational energy starts from a low value
of 236.5 cm~ l att = 0.0 s and rapidly increases to high value
of 1208.7 cm-1 at t = 2.4 x 10~4 s which is about 5.4 times
higher than that predicted by the rotationless model shown
in Fig. 6b. The average rotational energy in the rotational
model starts from 1413.0 cm"1 and decreases to 702.9 cm"1

at t = 2.4 x 10 ~4 s. The combined average energy increases
from 1658.8 to 1911.5 cm-1. The average gain due to recom-
bination in the rotationless model, as seen in Fig. 6b, is about
30351.0 cm"1 or 85% of the dissociation energy.

The normalized vibrational population as a function of the
vibrational level at selected times as computed by the rota-
tional model is shown in Fig. 7a. The higher vibrational levels

10'

Present Calculations
T=TV based on v=l
T=TV based on v=8
T=TV based on v=14

10 ID'7 IO'8 IO"5

Time t, sec
10-

Fig. 5a The calculated dissociation rate coefficient Kf compared with
Park model, in a heating environment T0 = 2000 K -» T = 3000 K
(rotational model).

Present Calculations
T=Ty based on v=l
T=TY based on v=8
T=TV based on v=14

10" 10" io"1

Time t, sec
10"

Fig. 5b The calculated dissociation rate coefficient /^compared with
Park model, in a heating environment T0 = 2000 K -» T = 3000 K
(rotationless model).

initially exhibit some degree of population inversion and then
revert back to their original approach towards the equilib-
rium. The lower states remain in a population inversion mode
for a long time. This situation can be observed more clearly
in Fig. 7b where the rotational population for the vibrational
level v = 0 and v = 14 are plotted.

As seen from Fig. 7b, at v = 0, the lower rotational levels
are inverted but the upper rotational levels are relaxing. For
v = 14, all the rotational levels are inverted. This suggests
that the rotation tends to relax the molecules.

Figure 7c depicts the pv from the rotationless model. The
relaxation does seem to occur very slowly in the lower vibra-
tional levels. The higher levels, on the other hand, depict a
strong population inversion.

In Figs. 8a and b the vibrational temperatures Tv(v) as
functions of v are shown for the rotational model and rota-
tionless model, respectively. In the rotational model a uniform
relaxation of the higher levels is clearly seen, which was less
obvious in Fig. 7a. The lower vibrational levels are highly
inverted. However, in the rotationless model the population
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10" 10" 10"6 10~5

Time t, sec
Fig. 6a Temporal variations of the bulk thermodynamic properties
in a cooling environment (r0 = 2000 K -> T = 1000 K): the ratio of
atoms to molecule densities NA/NX9 average vibrational energy per
molecule ev9 average rotational energy per molecule eR9 average vi-
brational-rotational energy per molecule evR9 and average vibrational-
rotational energy removed in a dissociation e (rotational model).

0=N./NxxiO-
A = evxiO~3 en

10" 10~ 10"6 10"5

Time t, sec
10" 10"

Fig. 6b Temporal variations of the bulk thermodynamic properties
in a cooling environment (r0 = 2000 K -> T = 1000 K): the ratio of
atoms to molecule densities NA/NX, average vibrational energy per
molecule ev, average rotational energy per molecule eR, average vi-
brational-rotational energy per molecule evR, and average v ib rational-
rotational energy removed in a dissociation e (rotationless model).

inversion seems to be the dominant phenomenon. The in-
version in this rotationless model seems to spread from higher
levels to the lower levels in time. As in the heating case, the
vibrational temperatures Tv(l), Tv(8) and rv(14), and Tve are
compared with the Landau-Teller prediction for the rotational
and rotationless cases in Figs. 9a and b, respectively. 7"v(8)
and Tv(14) agree very well with the Landau-Teller prediction
for the rotational model. rv,(l) and Tve depict a strong
overshoot and probably will take a long time to revert back
to the equilibrium value. Prediction by the rotationless model
is very poor. Since in a cooling environment the recombi-
nation rate is the dominant one, we will concentrate on this
rate instead of the forward rate in this case. The recombi-

4.0 e.O 8.0 10.0

Vibrational Level, v
u.o

Fig. 7a Normalized vibrational population pv as a function of the
vibrational level, v, at selected times, in a cooling environment, T(} =
2000 K -* T = 1000 K (rotational model).

1C.O 20.0 30.0 40.0

Rotational Level, J

Fig. 7b Normalized rotational population py for v = 0 and 14 as a
function of the vibrational level, v, at selected times, in a cooling
environment, T0 = 2000 K -> T = 1000 K (rotational model).

Vibrational Level, v
Fig. 7c Normalized vibrational population pv as a function of the
vibrational level, v, at selected times, in a cooling environment, T{} =
2000 K -> T = 1000 K (rotationless model).
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Vibrational Level, v
12.0 14.0

Fig. 8a Vibrational population expressed as vibrational temperature
T0 as a function of the vibrational level, v, at selected times, in a
cooling environment, T0 = 2000 K —> T = 1000 K (rotational model).
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Fig. 9a Variation of the vibrational temperature based on v = 2, 8,
and 14, and vibrational energy content, compared with the Landau-
Teller prediction, in a cooling environment, T0 = 2000 K -> T = 1000
K (rotational model).
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Fig. 8b Vibrational population expressed as vibrational temperature
TQ as a function of the vibrational level, v, at selected times, in a
cooling environment, T0 = 2000 K-^ T .= 1000 K (rotationless model).
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Fig. 9b Variation of the vibrational temperature based on v = 2, 8,
and 14, and vibrational energy content, compared with the Landau-
Teller prediction, in a cooling environment, 70 = 2000 K -» T = 1000
K (rotationless model).

nation rates from the calculated solution, and from the em-
pirical relationship13

Kr = 2.8 x IO-31 r-°6cm6/s (28)

by Cohen and Westberg, are plotted in Fig. 10 as a function
of time.

The agreement between the value based on the present
model and all the three other values computed using the Park
model is good. A summary of the recombination rates from
all exact calculations are plotted as a function of temperature
in Fig. 11.

Also, comparison values obtained from Schwenke5 and
Cohen and Westberg13 are also plotted in Fig. 11. The present
rates are within one order of magnitude of the reported rates.
The rotational model for T = 1000 K predicts Kr = 8.6 x
10~33 cm6/s for the cooling case and Kr = 2.0 x 10~33 cm6/
s for the heating case. The rotationless model for T = 1000

K predicts Kr = 1.2 x 10 ~32 cm6/s for the cooling case and
Kr = 1.29 x IO-32 for the heating case.

Discussion
The results of this study, quantitatively, are similar to those

as reported by Haug et al.14 Haug solved a set of 162 rota-
tional-vibrational master equations considering Ar-H2 energy
transfer and subsequent dissociation. Although, in Haug's
study the disparity between the masses of the colliding part-
ners was very large and there were no V-V energy transfers,
the extent of nonequilibrium was found greater at higher vi-
brational and rotational levels.

The major difference between the results of the previous
rotationless model1 for N2, and the results of the present
rotational model for H2 is that the minimum in the transition
rate, M(v), found in the former is not found in the latter. At
high temperatures the average rotational quanta are large and
the combined rotational-vibrational energy of the molecules
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Fig. 10 The calculated recombination rate coefficient Kr compared
with Park model, in a cooling environment, T0 = 2000 K-* T = 1000
K (rotational model).
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Fig. 11 The calculated recombination rates coefficients Kr as a func-
tion of temperature T.

at even lower vibrational levels cover a wide range, in small
quantum jumps, with the ability to match with more than one
vibrational-rotational quantum of the colliding partner, for a
resonance energy transfer. The mid-levels, which were cutoff
from the lower vibrational levels due to limited Av in energy
transfer, can now cause larger Av. This way the mid-levels
fully participate in the energy transfer and the minimum in
the transition rate seen in the rotationless model does not
appear in the rotational model.

During the relaxation, for both the cooling ahd heating
environments, a fraction of the vibrational energy is trans-
ferred to the rotational states, near equilibrium, and it is
transferred back to the vibrational states. This process seems
to delay the dissociation process. In other words, one of the
effects of the rotation is that the dissociation process is de-
layed. At higher rotational levels of lower vibrational levels,
where the rotational energy constitutes a good fraction of the
total internal energy, the molecule relaxes faster (see Figs.
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Fig. 12 The calculated recombination rate coefficient compared with
the Park model, adjusted for 10 ~6 s incubation period, in a heating
environment, T0 = 2000 K -* T = 3000 K (rotational model).

3b and 7b). Overall effect of the rotation seems to be that it
stretches the relaxation process a bit longer, very similar to
Haug's results.14

Experimental data reveal that the nonequilibrium relaxa-
tion of H2 has a long incubation period. This incubation period
is also evident in the present computations (see Figs. 2a and
4a). However, the empirical relationships, Eqs. (27) and (28),
do not provide any clue to such an incubation period, since
they are time independent as well as the rates computed in
the present study. Therefore, it is not possible to compare
the two rates without making some adjustment for this in-
cubation period. For illustrative purposes, the dissociation
rate data for the heating environment from Fig. 5a has been
adjusted, assuming an incubation period of 10~6 s for the
Park model data (The rates for the Park model were shifted
ahead in time by 10~6 s), and plotted in Fig. 12. The agree-
ment between the computed dissociation rate and the rates
based on the empirical formulation and the Park model im-
proves significantly by this adjustment.

For the heating environment, the dissociation rate and for
the cooling environment, the recombination rate, agrees within
one order of magnitude, when approximated using an em-
pirical relationship from the equilibrium data with the tem-
perature averaged using Park model. The accuracy can be
itnproved if greater weight is given to Tv, such as Ta =
7° 3rj7. Since we have seen the rotational energy transfer
plays an important role in the relaxation process of H2 and
in a two-temperature model, the vibrational temperature is
the only parameter which accounts for the rotational-vibra-
tional effects, it would be natural to put more weight on Tv.

In the rotational model of the heating case, the lower vi-
brational states get depressed (over-relax) severely, even be-
low the equilibrium value, than predicted by the rotationless
model. Similarly, in the cooling case^ the lower states get
inverted, above the equilibrium, more severely than predicted
by the rotationless model. From the computations it seems
that it would take a long time for these vibrational states to
revert back to the equilibrium value. It is possible that the
rotation of the molecules is in fact responsible for this be-
havior. It is also possible that since H2 is the simplest mole-
cule, and is highly quantized, that the quasi-classical trajectory
theory does not provide satisfactory data for these first vi-
brational levels with low rotational energies. At this point no
explanation is provided for this abnormal behavior.

The present work assumes that the vibrational transitions
occur only through collisions with molecules. This assumption
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is valid only when the degree of dissociation is low. When
the degree of dissociation is significant, collisions with atoms
contribute significantly to the overall transition rates. The
rates of such transitions do not have the bottleneck phenom-
ena seen in molecules. Therefore< most of the phenomena
shown in the present work will be moderated by the presence
of the atoms. Under those circumstances, the present work
will exaggerate the effect of the molecule-molecule collisions
in vibrational transitions.

Finally, detailed tests15 show that the quasi-classical trajec-
tory method is accurate for large transition probabilities, which
is the case in the present study for the transition probabilities
for v > 4. For v = 0, it is not clear how accurate the classical
mechanics is. Comparison with experiments is not possible
since no measurements of vibrational relaxation are available
above 3000 K. So the accuracy of our calculations will have
to be resolved by future work.

Conclusions
In the rotational model of H2, the vibrational excitation

rates do not have a minimum as was seen in the rotationless
model of A^. The mid-vibrational levels effectively participate
in the relaxation process. However, they are not able to bridge
the energy transfer gap between the lower and upper vibra-
tional levels. The lower and upper vibrational levels seem to
equilibrate to two different vibrational temperatures as in case
of N2. The rotation of the molecules helps in relaxing the
molecule. During the relaxation a temporary transfer of en-
ergy from the vibrational degree of freedom to the rotational
occur, which in effect delays the dissociation process and ap-
proach to equilibrium of the higher vibrational levels. Park's
two temperature averaging technique can provide dissociation
and recombination rates within one order of magnitude from
equilibrium formulation of the rate data, provided the incu-
bation period is properly accounted for. The average vibra-
tional energy loss is about 80-90% of the dissociation energy.
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